As a generalization of our previous work [Phys. Rev. D 95 043528 (2017)], in which an analytic model for the galaxy bispectrum in redshift space was developed on the basis of the halo approach, we here investigate its higher multipoles that have not been known so far. The redshift-space bispectrum includes the two variables ω and φ for the line-of-sight direction, and the higher multipole bispectra are defined by the coefficients in the expansion of the redshift-space bispectrum using the spherical harmonics Y m ℓ (ω, φ). We find 6 new nonvanishing components out of 25 total components up to ℓ = 4, in addition to 3 components discussed in the previous work (monopole, quadruple, and hexadecapole of m = 0). The characteristic behaviors of the new nonvanishing multipoles are compared with the results of galaxy mock catalogs that match the halo occupation distribution of the Sloan Digital Sky Survey Baryonic Oscillation Spectroscopic Survey low-redshift sample. Analytic approximation formulas for these nonzero components are also presented; these are useful for understanding the characteristic behaviors.
I. INTRODUCTION
In statistical analysis of the large-scale structure of galaxies, the basic quantities are the power spectrum and the two-point correlation function, which are related by the Fourier transformation. If the fluctuations are statistically isotropic and Gaussian, the monopole power spectrum should be enough to characterize the statistical properties. However, non-Gaussian properties might have been imprinted in the initial conditions of primordial fluctuations [1] . Furthermore, in the course of evolution of cosmic structure formation, the non-Gaussian properties are generated in the density perturbation and in the galaxy distributions owing to the nonlinearity of gravitational clustering and structure formation (e.g., [2] [3] [4] [5] ). The three-point correlation function and its Fourier transformation, i.e., the bispectrum, is the lowest order statistical quantity used to characterize these non-Gaussian properties (see, e.g., [6] for a review and [7, 8] for a recent measurement). Furthermore, peculiar velocities of galaxies break the assumption of statistical isotropy in the distribution in redshift space through redshift-space distortion. On large scales, the linear velocity field induces a linear redshift-space distortion; however, on small scales, the random velocity of galaxies make a significant contribution to the distribution in redshift space, which is called the Finger of God (FoG) effect. The redshift-space distortion generates the additional non-Gaussianity in the galaxy distribution in redshift space [9] . Especially, the FoG effect is the cause of the non-Gaussianity on small scales, reflecting the nonlinear evolution of the cosmic structure formation as well.
In the present paper, we focus on the galaxy bispectrum in redshift space. A precise theoretical model is necessary to obtain cosmological information beyond the two-point statistics [10] [11] [12] [13] [14] [15] [16] [17] . However, the bispectrum is quite complicated in general. Therefore, an analytic model that reproduces their behaviors well is quite useful. The halo approach is useful to find such a theoretical model that is applicable from large to small scales [18] [19] [20] [21] . The theoretical framework, based on the assumption that all the dark matter and galaxies are associated with virialized dark matter halos, is characterized by the halo density profile ρ(r), the halo mass function dn/dM , and the halo's correlation, where ρ(r) represents the density of each halo and dn/dM represents the number density of halos with mass M . In Ref. [22] , the authors developed a theoretical model to explain the multipole power spectra in redshift space of the Sloan Digital Sky Survey (SDSS) luminous red galaxies (LRGs) on the basis of the halo approach, in which the halo occupation distribution (HOD) of the central galaxy and satellite galaxies plays an important role. The theoretical model well reproduces the results of the observational data. In our previous paper [23] , the theoretical approach was applied to the model for the galaxy bispectrum in redshift space. We demonstrated that the theoretical model reproduces the behaviors of the bispectrum of mock galaxy catalogs of the low-redshift (LOWZ) galaxy sample of the SDSS III Baryon Oscillation Spectroscopic Survey (BOSS) survey [24] . An advantage of the theoretical approach is that analytic approximate expressions for the bispectrum can be obtained, which is useful for understanding how the bispectrum depends on the parameters qualitatively.
As a generalization of the previous work [23] , we investigate higher multipoles of the bispectrum. We find the nonvanishing higher multipole components of the bispectrum, which have not been known so far. Such components of the bispectrum will be useful for characterizing the unique non-Gaussian properties of the galaxy distribution in redshift space. This paper is organized as follows. In Section 2, we introduce the multipoles of the bispectrum as coefficients in the multipole expansion with respect to the spherical harmonics Y ℓ,m (ω, φ), where ω and φ are the parameters for the line-of-sight direction. Previous works only investigated the components of m = 0 [9, 23, 25] . We find six new components of real functions up to ℓ = 4. In Section 3, the behaviors of the new multipoles of the bispectrum are demonstrated by adopting the HOD of the SDSS III BOSS LOWZ sample. In Section 4, the properties of the multipoles of the bispectrum are investigated in an analytic way. Section 5 is devoted to a summary and conclusions. Appendix A lists the expression for the spherical harmonics. Appendix B lists the analytic formulas for the multipoles of the bispectrum in redshift space. In the present paper, we adopt a spatially flat cold dark matter (CDM) cosmology with a cosmological constant Λ adopting the parameters Ω b = 0.046, Ω m = 0.273, n s = 0.963, h = 0.704, τ = 0.089, and σ 8 = 0.809.
II. BASIS FOR BISPECTRUM IN REDSHIFT SPACE

A. Halo model
We first introduce the bispectrum in redshift space in the halo approach. The halo approach is quite useful for characterizing the distributions of dark matter as well as the distributions of galaxies, from large scales to smaller scales, where nonlinearity plays an important role [18] [19] [20] [21] [22] 26] . In the present paper, we follow the theoretical model developed in Ref. [23] , where an analytic expression was presented for the bispectrum in which the halo approach was applied, with the HOD description of central galaxies and satellite galaxies. By adopting the model of [23] , a generalized model will be developed.
As addressed previously, the basic quantities used in the halo approach are the halo density profile ρ(r) characterizing the matter distribution within halos and the halo mass function dn/dM describing the distribution of halos themselves. In addition, random motions of galaxies within halos, as an embodiment of nonlinearity on small scales, are characterized by assuming an uncorrelated one-dimensional velocity dispersion yielding a Gaussian distribution. The HOD offers a method for linking statistical quantities of galaxies to that of halos in the halo approach.
For the halo density profile ρ(r), assuming the truncated Navarro-Frenk-White (NFW) density profile [27] of dark matter, we can write
where ρ s and r s are the parameters representing the characteristic density and the characteristic scale, and r vir is the virial radius, which determines the virial mass of a halo by M vir = 4π rvir 0 drr 2 ρ(r) = 4πr 3 vir ∆ virρm (z)/3, wherē ρ m (z) is the mean matter density and we adopt the value ∆ vir = 265 at redshift z = 0.3. Because our interest is focused on the quantity in Fourier space, we denote the Fourier transform of ρ(r) bỹ
For the distribution of halos, we adopt the fitting formula in Refs. [28] [29] [30] for the halo mass function in the form
with f (σ R ) = 0.322 2 × 0.707
and ν = δ c /σ R , where σ R is the root-mean-square fluctuation in spheres containing mass M at the initial time, extrapolated to redshift z using linear theory, and δ c (≃ 1.686) is the critical value of the initial overdensity that is required for gravitational collapse.
We assume that the distribution of satellite galaxies follows the NFW profile and that the satellite galaxies have internal random velocities following a Gaussian distribution specified by the one-dimensional velocity dispersion [22, [31] [32] [33] ,
These random motions cause the FoG effect, which changes the distribution of satellite galaxies in redshift space. If satellite motions in a halo are uncorrelated with each other, then the Fourier transform of the distribution of the satellite galaxies in redshift space yields
where H(z) is the Hubble parameter.
To link the distribution of satellite galaxies in redshift space to that of halos, we introduce the halo occupation distribution N HOD (M ), which describes the average occupation number of galaxies inside a halo with mass M . We adopt the following fitting formula for central galaxies and satellite galaxies [34] :
where erf(x) is the error function. For specific values, the HOD parameters are listed in Table I for the SDSS-III BOSS LOWZ catalog [24] .
B. Bispectrum in redshift space
If we denote the galaxy number density contrast by δ(t, k), the bispectrum
Thus the bispectrum B g (t, k 1 , k 2 , k 3 ) relies on the implicit assumption k 1 + k 2 + k 3 = 0. This means that the bispectrum is described by the five parameters
, and φ as variables, with which we may write the vectors Figure 1 shows the configuration of the variables. Then, we define µ i as with k
Hereafter, we use the notation θ = θ 12 . The bispectrum in the halo approach consists of the one-halo term B g,1h , the two-halo term B g,2h , and the three-halo term B g,3h given as
which are written as
wheren is the mean number density of galaxies given bȳ
and we define (24) with 
, and k 12 = |k 1 + k 2 |, and where P NL m (t, k) is the matter power spectrum at time t, for which we use the nonlinear fitting formula for the matter power spectrum [27] . We also use the fitting formula of the linear growth rate
γ , where Ω m (a) is the matter density parameter at the scale factor a = a(t) and γ = 0.55. For the linear bias b(M ), we adopt the halo bias of the fitting function,
with a = 0.132, b = 1.5, and c = 2.4, which was calibrated using N -body simulations [35] .
III. MULTIPOLE BISPECTRUM A. Definition of multipole bispectrum
The parameters ω and φ take the values 0 ≤ ω ≤ π and 0 ≤ φ ≤ 2π. Then, we consider the multipole expansion of the bispectrum in terms of spherical harmonics, which is usually defined as
where m is an integer in the range −ℓ ≤ m ≤ ℓ, and the associated Legendre polynomials are defined by
Note that P |m=0| ℓ (µ) reduces to the Legendre polynomial P ℓ (µ). We adopt the spherical harmonics as a set of real functions, and we define
These functions satisfy the normalization
where σ and σ ′ denote c or s, though we excluded Y ℓ,0,s (ω, φ) because it is zero, which is not defined. Now we define the multipoles of the bispectrum by
The reduced bispectrum is defined in a similar way to what was done the previous work [23] :
where P 0 (t, k i ) is the monopole spectrum of the galaxy power spectrum P g (t, k i ), i.e.,
In our modeling on the basis of the halo approach, P g (t, k i ) is obtained by a combination of the one-halo term and the two-halo term [22] : • means a nonvanishing quantity in previous work [23] , while • means one found in this work.
where we defined
Definitions (34) and (35) reduce to those in the previous paper [23] when m = 0. Following the definition of the spherical harmonics (31) and (32), we list the explicit expression for the case ℓ ≤ 4 in Appendix A.
Since the bispectrum consists of a one-halo term, a two-halo term, and a three-halo term, we can express the total bispectrum as the sum of corresponding halo terms:
and the reduced total bispectrum is
B. Results
We demonstrate the characteristic behaviors of the multipole bispectrum defined in the previous subsection. There are nine nonvanishing components of B ℓ,m,σ up to ℓ = 4 (see Table II ), of which 3 multipoles with m = 0 have been known so far [9, 25] ; these we investigated in our previous work [23] , while six multipoles denoted by the symbol • in the table are the new components, which we investigated in the present paper. The other components up to ℓ = 4 are zero, because of the symmetry with respect to φ. Figure 2 shows the characteristic behaviors of the new nonzero components, where we adopted the HOD parameters of the LOWZ sample in Table I . Each panel of Fig. 2 
,s , and Q 4,4,c as functions of θ with k 1 and k 2 = 2k 1 fixed. Each multipole bispectrum shows unique behaviors. One can see that the onehalo term (green dotted curve) and the two-halo term (blue dashed curve) make significant contributions to these multipole bispectrum and dominate over the contribution from the three-halo term (red long-dashed curve) for the case k 1 > 0.1 Mpc −1 . This is significant for Q 4,1,s , Q 4,2,c , Q 4,3,s , and Q 4,4,c than Q 2,1,s and Q 2,2,c . The contributions of the two-halo term and the one-halo term are opposite compared with the three-halo term for Q 2,1,s and Q 2,2,c . This is also true for Q 2,0,c investigated in the previous work [23] . This can be understood as follows: The higher multipole bispectrum reflects the redshift space distortions. The contributions of the two-halo term and the one-halo term reflect the FoG effect, while the three-halo term contribution reflect the linear distortion. These two redshift-space distortions have an opposite effect in the quadrupole power spectrum and bispectrum. In each panel the (green) dotted curve is the one-halo term contribution, the (blue) short-dashed curve is the two-halo term contribution, the (red) long-dashed curve is the three-halo term contribution, and the (black) solid curve is the total combination. Here we set b2 = 0. The data points with error bars show the results of the mock catalogs.
C. Comparison with the results of mock catalogs
We compare our analytic model with the results of mock catalogs by assuming the HOD of the SDSS-III BOSS LOWZ sample. A similar comparison was done for Q 0,0 , Q 2,0 , and Q 4,0 in our previous paper [23] , which is also adopted for comparison in the present paper. We run 10 realizations of N -body simulations at a side length of 1h
Gpc with the number of mass particles set as 800 3 (where the mass for each particle is set as 1.3 × 10 11 h −1 M ⊙ ) using the Gadget-2 code [36] . The softening length is set to be 50h −1 kpc. The initial mass distribution is Gaussian, starting from z = 49 generated by the 2LPT code of [37] . The halo is identified with the friends-of-friends algorithm with a linking length of 0.2. The minimum number of mass particles is 10, corresponding to a mass of 1.3 × 10 12 h −1 M ⊙ . The central and satellite galaxies are assigned to each halo to follow the HOD of the BOSS LOWZ sample. The position and velocity of each central galaxy are given as the arithmetic mean of all particles in the halo. The position and velocity of satellites are defined as those of randomly selected mass particles. We confirmed that the mass resolution of our simulation is sufficient for the following comparison with our theoretical model.
The data points with error bars in Fig. 2 show the result of the mock catalogs. The error bars represent the one-sigma dispersion of 10 simulation results divided by √ 10, which roughly corresponds to the sample variance for 10 (Gpc/h) 3 volume data. As is demonstrated in [23] 
IV. DISCUSSION: APPROXIMATE FORMULAS
In this section, we consider approximate formulas, which roughly explain the characteristic behaviors of the multipoles of the bispectrum. Since these formulas are too long to be fully presented in the main part, they are listed in Appendix B. These approximate formulas are useful for understanding the behaviors of the multipole bispectrum.
According to previous works [22, 23] , we may introduce the following approximate formulas for the one-halo term, the two-halo term, and the three-halo term:
respectively, where we use the approximate formula
for i = 1, 2, and 3, whereb and σ v,off are averaged values of the bias and the random velocity of satellite galaxies over the halo mass and f s is the satellite fraction. Here we introduce the characteristic length scale, associated with the random motions by
Then, we may write the approximate formula for the multipole bispectrum in the form expressing the dependence on f s /n explicitly as
where the formulas of B ℓ,m,σ are presented in Appendix B. The mathematical formulas of Appendix B are derived using Mathematica. The source Mathematica programs for the derivation are provided in the source file.
From the approximation formulas, in general, we have
The factor sin m θ 12 comes from the mathematical properties of spherical harmonics.
For the case ℓ = 0, as discussed in Ref. [23] , B 0,0,c
). Thus, Eq. (48) means that the one-halo term makes a contribution to the multipole bispectrum dominantly from the term in proportion to (kλ) ℓ , which comes from the FoG effect. Equation (50) reveals that the three-halo term is in proportion to the factor f ℓ/2 , where f denotes the linear growth rate, which shows that the three-halo term contribution comes from the linear redshift-space distortion. The contribution from the two-halo term includes both the FoG effect and the linear redshift-space distortion effect depending on the scales k, from Eq. (49). In the two-halo term, the FoG effect is the dominant contribution for scales larger than k ∼ 0.1 Mpc −1 . The total combination of the one-halo term, the two-halo term, and the three-halo term contributes to the complicated behaviors of the multipole bispectrum.
V. SUMMARY AND CONCLUSIONS
In this work, as a generalization of the halo approach to the galaxy bispectrum in redshift space, we found six new nonvanishing multipole components up to ℓ = 4. We demonstrated the characteristic behaviors of these nonvanishing multipoles, assuming the HOD parameters of the LOWZ sample. Each component shows unique behaviors. Using an analytic approximate method, we investigated how the one-halo term, the two-halo term, and the three-halo term make contributions to the multipole bispectrum. This has revealed that the higher multipole bispectrum is significantly contaminated by the FoG effect on scales larger than k ∼ 0.1 Mpc −1 . The total bispectrum is determined by the balance between the contributions of the FoG effect and the linear redshift-space distortion and is complicated. This study shows that the bispectrum reflects the cosmological model and the physical properties of the galaxy sample. These properties are interesting because we might be able to test the cosmological model as well as the galaxy-halo connection, leading to better understandings of the large-scale structure formation.
A more precise theoretical model will be necessary to extract cosmological information from observational data of ongoing and future galaxy redshift surveys (e.g., SDSS IV, Subaru/PFS, and EUCLID), which will be a necessary investigation as an extension to our model. Because the validity of standard perturbation theory at leading order is somehow limited to the linear regime, this limits the validity of P 2h (t,
More precise evaluation of the nonlinearity including the next-to-leading order correction and higher order corrections is needed for further extension. As an example, in Ref. [38] , a model for the matter bispectrum considering one-loop order correction in redshift space has been developed by introducing a univariate function with a single free parameter. Improvement of modeling the correlation of halos by including the higher order corrections will be necessary in the future. 
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